
Session MT-2 
 
Modeling and Testing(2) 
 

 
 

 



&KHPR�WKHUPR�YLVFRHODVWLF %HKDYLRU RI 8QGHUnOO 0DWHULDOV 'XULQJ &XULQJ 3URFHVV

e6XQJ <L DQG .HUP 6LQ &KLDQ

6FKRRO RI 0HFKDQLFDO DQG 3URGXFWLRQ (QJLQHHULQJ

1DQ\DQJ 7HFKQRORJLFDO 8QLYHUVLW\

6LQJDSRUH ������� 5HSXEOLF RI 6LQJDSRUH

$%675$&7 LV UHSRUWHG WKDW WKDW WKH SUHVHQFH RI XQGHUnOO OD\HU DW WKH

oLS FKLS DVVHPEO\ HQKDQFHV WKH UHOLDELOLW\ RI WKH DVVHP�

EO\ E\ PRUH WKDQ WHQ IROGV >���@� 8QGHUnOOLQJ SURFHVV

LQYROYHV GLVSHQVLQJ D FRQWUROOHG DPRXQW RI VLOLFD nOOHG7KH PHFKDQLFDO SURSHUWLHV RI WKHUPRVHWWLQJ XQGHU�
HSR[\ LQWR D JDS EHWZHHQ oLS FKLSV DQG VXEVWUDWHV� 7KHnOO PDWHULDOV VWURQJO\ GHSHQG RQ WKH FXULQJ SURFHVV LW�
XQGHUnOO PDWHULDO LV GLVSHQVHG DORQJ D OLQH DGMDFHQW WRVHOI DQG� KHQFH� LW LV LPSRUWDQW WR XQGHUVWDQG WKH HI�
WKH HGJH RI WKH GLH DQG LV DOORZHG WR oRZ LQWR WKH JDSIHFWV RI WHPSHUDWXUH GLVWULEXWLRQV DQG GHJUHH RI FXUH
EHWZHHQ WKH GLH SDVVLYDWLRQ OD\HU DQG WKH VXEVWUDWH VXU�RQ WKH PHFKDQLFDO EHKDYLRU RI WKH XQGHUnOO� 0RUH�
IDFH XQGHU FDSLOODU\ DFWLRQ� ,W LV FULWLFDO WKDW WKH JDSRYHU� WKH XQGHUVWDQGLQJ RI UKHRORJLFDO FKDQJHV GXULQJ
LV FRPSOHWHO\ nOOHG ZLWK WKH XQGHUnOO PDWHULDO DV WKHWKH FXULQJ SURFHVV LV HVVHQWLDO IRU WKH PDQXIDFWXULQJ
OLIH RI WKH oLS FKLS DVVHPEO\ LV GHSHQGHQW RQ LW� ,Q RXUSURFHVV RSWLPL]DWLRQ � ,Q WKLV SDSHU� WKH FKHPR�WKHUPR�
SUHYLRXV VWXG\>"@� WKH XQGHUnOO GLVSHQVLQJ SURFHVV KDVUKHRORJLFDO EHKDYLRU RI WKH XQGHUnOO PDWHULDO GXULQJ WKH
EHHQ VWXGLHG XVLQJ VWDWLVWLFDO WRROV� ,W LV YHU\ LPSRUWDQWFXUH SURFHVV LV SUHVHQWHG� 7KHVH H[SHULPHQWV UHYHDO WKH
WR XQGHUVWDQG WKH FKHPR�WKHUPR�UKHRORJLFDO EHKDYLRU RIPDWHULDO SURSHUWLHV GHSHQGHQW RQ WHPSHUDWXUH DQG GH�
WKH XQGHUnOO PDWHULDO LQ RUGHU WR DFKLHYH WKH JRRG oRZJUHH RI FXUH� &XUH NLQHWLFV IRU XQGHUnOO PDWHULDOV DUH
SHUIRUPDQFH DQG LPSURYH WKH UHOLDELOLW\ RI SURGXFWV�GHWHUPLQHG� ,Q DGGLWLRQ� FRQVWLWXWLYH UHODWLRQV RI XQ�

GHUnOO PDWHULDOV GXULQJ FXULQJ SURFHVV DUH SUHVHQWHG XV�
'XULQJ FXUH� XQGHUnOO PDWHULDOV DUH VXEMHFW WR FKHP�LQJ PHFKDQLFDO PRGHOV ZLWK WLPH WHPSHUDWXUH DQG FXUH

LFDO DQG PDWHULDO FKDQJHV� WKHUPDO JUDGLHQWV DQG WRGHSHQGHQW SDUDPHWHUV�
FUHHS DQG UHOD[DWLRQ� 'XULQJ WKH FXULQJ SURFHVV� WKH

XQGHUnOO LV D OLTXLG�OLNH PDWHULDO DW WKH EHJLQQLQJ RI WKH.H\ZRUGV� FXUH SURFHVV� FKHPR�WKHUPR�UKHRORJLFDO EH�

SURFHVV DQG KDV ORZ PROHFXODU ZHLJKW� $V WKH FURVVOLQN�KDYLRU RI XQGHUnOO PDWHULDOV� FRQVWLWXWLYH UHODWLRQV RI

LQJ UHDFWLRQ SURFHHGV� WKH PROHFXODU ZHLJKW DQG YLVFRV�XQGHUnOO PDWHULDOV GXULQJ FXULQJ SURFHVV� oLS�FKLSV

LW\ LQFUHDVH� ,Q WKLV UHJLRQ� WKH UHVLQ LV D YLVFRHODVWLF

oXLG ZLWK PHFKDQLFDO SURSHUWLHV ZKLFK FKDQJH GXULQJ
,1752'8&7,21

WKH SURFHVV� 7KH FURVVOLQNLQJ UHDFWLRQ GHSHQGV RQ WHP�

SHUDWXUH� UHVLQ W\SH� FXULQJ DJHQW� HWF� 7KH PROHFX�8QGHUnOO PDWHULDOV KDYH EHHQ XVHG WR SURWHFW WKH VRO�
ODU ZHLJKW LQFUHDVHV IXUWKHU DQG WKHQ UHDFKHV WKH JHOGHU MRLQW IURP EHLQJ GDPDJHG GXULQJ WKHUPDO F\FOLQJ� ,W
SRLQW� ZKLFK LV GHnQHG DV WKH LQVWDQW DW ZKLFK WKH DY�e7R ZKRP FRUUHVSRQGHQFH VKRXOG EH DGGUHVVHG� 7HO� ����

��������� )D[� ���� ��������� (PDLO� PV\L#QWX�HGX�VJ HUDJH PROHFXODU ZHLJKW RU YLVFRVLW\ GLYHUJHV WR LQnQ�

�



LW\� $W WKLV JHO SRLQW� SKDVH WUDQVLWLRQ RFFXUV WR D YLV� SDUDPHWHUV� 7KHVH UHVXOWV DUH RI LPSRUWDQFH WR WKH UH�

FRHODVWLF VROLG DQG WKHQ WKH HTXLOLEULXP PRGXOXV RI WKH VHDUFKHU DV ZHOO DV WR GHVLJQHUV RI XQGHUnOOLQJ DQG VHU�

UHVLQ JURZV ZLWK KLJKHU FURVVOLQN GHQVLW\ XQWLO WKH UH� YLFH SURFHVVHV�

DFWLRQ VWRSV� 7KH KHDW UHTXLUHG IRU SRO\PHUL]DWLRQ LQ

UHVLQV FDXVHV FKHPLFDO FKDQJHV LQ WKH PROHFXODU VWUXF�
$1$/<6,6

WXUH� 5HVLQV KDYH FURVVOLQNHG VWUXFWXUHV ZLWK FRYDOHQW

ERQGV EHWZHHQ PROHFXOHV DQG FURVV OLQNLQJ UHDFWLRQV DUH
'HJUHH RI &XUH DQG &XUH .LQHWLFV

GHSHQGHQW RQ DSSOLHG WHPSHUDWXUHV� $GGLWLRQDOO\� LQWHU�

QDO KHDW LV DOVR JHQHUDWHG E\ FKHPLFDO UHDFWLRQV� 'XULQJ 7KH NLQHWLFV RI WKH FXULQJ WKHUPRVHWWLQJ UHVLQV KDYH
WKH FXUH SURFHVV� WKH PDWHULDO VWUXFWXUH DFWXDOO\ XQGHU� EHHQ VWXGLHG E\ PDQ\ UHVHDUFKHUV� 7KH KHDW RI UHDFWLRQ
JRHV D FRQWLQXRXV SKDVH WUDQVIRUPDWLRQ IURP D OLTXLG + XS WR WLPH W FDQ EH FDOFXODWHG E\ >�@
WR D YLVFRHODVWLF VROLG DQG LQFUHDVLQJ WKH QXPEHU DQG =

W b cG4OHQJWK RI WKH SRO\PHU FKDLQV OHDGV WR RQH WUHPHQGRXV +  GV ���
GV�PROHFXOH� QDPHO\� D FURVVOLQNHG RU QHWZRUN SRO\PHU�

ZKHUH G4 GV LV WKH UDWH RI KHDW JHQHUDWLRQ�

7KH PHFKDQLFDO SURSHUWLHV RI WKHUPRVHWWLQJ UHVLQV
'\QDPLF PHDVXUHPHQWV RI JODVV WUDQVLWLRQ WHPSHUD�VWURQJO\ GHSHQG RQ WKH FXULQJ SURFHVV LWVHOI DQG� KHQFH�

WXUHV DQG KHDWV RI UHDFWLRQ RI WKH UHVLQ DV D IXQFWLRQ RILW LV LPSRUWDQW WR XQGHUVWDQG WKH HmHFWV RI WHPSHUDWXUH
WLPH DQG WHPSHUDWXUH \LHOG LQIRUPDWLRQ UHODWLQJ WR FXUHGLVWULEXWLRQV DQG GHJUHH RI FXUH RQ WKH PHFKDQLFDO EH�
DQG FRQVHTXHQWO\ FXULQJ NLQHWLFV FDQ EH REWDLQHG� 7KHKDYLRU RI XQGHUnOO PDWHULDOV� ,W LV� WKHUHIRUH� UHTXLUHG
GHJUHH RI FXUH m LV GHnQHG DVWR DFFXUDWHO\ GHYHORS DQDO\WLFDO PRGHOV ZKLFK SURSHUO\

GHVFULEH WKH UKHRORJLFDO EHKDYLRU RI WKHUPRVHWWLQJ UHVLQV +
m  ���GXULQJ WKH FXUH SURFHVV� ,Q WKH DXWKRUV
 SUHYLRXV VWXG� +7

LHV �<L HW DO� ����D� E� ����D� E� F� ������ FRQVWLWXWLYH
ZLWK

UHODWLRQV IRU WKHUPRVHWWLQJ UHVLQV KDYH EHHQ GHYHORSHG =
WI b cZKLFK UHSUHVHQW LVRWURSLF�DQLVRWURSLF QRQKRPRJHQHRXV G4

+  GV ���7YLVFRHODVWLF FKHPR�UKHRORJLFDO WKHUPDO DQG PDWHULDO EH� GV�

KDYLRU RI WKHUPRVHWWLQJ PDWHULDOV GXULQJ WKH PDQXIDF� ZKHUH W LV WKH WLPH UHTXLUHG WR FRPSOHWH WKH UHDFWLRQI

WXULQJ SURFHVV� 7KHVH IRUPXODWLRQV DUH EDVHG RQ WKH DQG + LV WKH DPRXQW RI KHDW JHQHUDWHG GXULQJ G\QDPLF7

FRQVWUXFWLRQ RI PDWKHPDWLFDO UHODWLRQV DFKLHYHG ZLWK VFDQQLQJ XQWLO WKH FRPSOHWLRQ RI WKH FKHPLFDO UHDFWLRQV�
WKH KHOS RI PHFKDQLFDO PRGHOV SRVVHVVLQJ WLPH� WHPSHUD� 7KH UDWH RI FXUH LV D SDUDPHWHU SURSRUWLRQDO WR WKH UDWH
WXUH DQG FXUH GHSHQGHQW PDWHULDO SURSHUW\ SDUDPHWHUV� RI KHDW UHOHDVH DW DQ LVRWKHUPDO WHPSHUDWXUH 7 ZKLFK,

7KXV� PDWHULDO EHKDYLRU RI WKHUPRVHWWLQJ UHVLQV GXULQJ FDQ EH GHnQHG DV
FXULQJ SURFHVVHV� LQFOXGLQJ SKDVH FKDQJHV� LV GHVFULEDEOH

b cGm � G4E\ WKH <L�+LOWRQ PRGHOV �<+0�� ZKLFK FDQ EH LQGHSHQ�  ���
7,GW + GW7GHQWO\ DVVRFLDWHG ZLWK DQ\ DSSURSULDWH FXUH NLQHWLFV�

ZKHUH �G4 GW� LV WKH UDWH RI KHDW JHQHUDWLRQ DQG LV7,

,Q WKH SUHVHQW VWXG\� FKHPR�WKHUPR�UKHRORJLFDO UH� SURYLGHG E\ WKH PHDVXUHPHQWV�
VSRQVHV RI XQGHUnOO PDWHULDOV DUH H[SHULPHQWDOO\ FKDUDF�

WHUL]HG GXULQJ FXULQJ SURFHVVHV� 7KH G\QDPLF PHFKDQ� %DVHG RQ HPSLULFDO UDWH ODZV� D YDULHW\ RI NLQHWLF PRG�

LFDO H[SHULPHQWV RQ XQGHUnOO PDWHULDOV DUH SHUIRUPHG� HOV DUH GHYHORSHG LQ RUGHU WR GHVFULEH WKH FXULQJ SURFHVV

&XUH NLQHWLFV IRU XQGHUnOO PDWHULDOV DUH GHWHUPLQHG� RI WKHUPRVHWWLQJ V\VWHPV� 8VLQJ D PRGLnHG $UUKHQLXV

,Q DGGLWLRQ� FRQVWLWXWLYH UHODWLRQV RI XQGHUnOO PDWHUL� W\SH HTXDWLRQ� WKH UDWH RI GHJUHH RI FXUH FDQ EH H[�

DOV GXULQJ FXULQJ SURFHVV DUH SUHVHQWHG XVLQJ PHFKDQL� SUHVVHG DV D IXQFWLRQ RI GHJUHH RI FXUH LWVHOI� 7ZR HPSLU�

FDO PRGHOV ZLWK WLPH WHPSHUDWXUH DQG FXUH GHSHQGHQW LFDO VFKHPHV� QWK RUGHU DQG EL�QRGDO PRGHOV� DUH ZLGHO\
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XVHG IRU PRGHOLQJ FXUH NLQHWLFV IRU WKHUPRVHWWLQJ PDWH� ZKHUH q DQG o DUH WKH GLODWDWLRQDO VWUDLQ DQG WKHNN LM

ULDOV� 7KH QWK RUGHU NLQHWLFV FDQ EH H[SUHVVHG DV GHYLDWRULF VWUDLQ WHQVRUV UHVSHFWLYHO\�

7KH PHFKDQLFDO PRGHOV DUH XVHG WR YLVXDOL]H DQG XQ�
Gm Q GHUVWDQG UKHRORJLFDO EHKDYLRUV RI WKHUPRVHWWLQJ SRO\� N ��b m� ����
GW

PHUV GXULQJ FXUH� ,Q WKH .HOYLQ PRGHO� WKH VWUHVV�VWUDLQ
.DPDO HW DO�>�@ SURSRVHG WKH IROORZLQJ FXULQJ NLQHWLF UHODWLRQV IRU WKH PHFKDQLFDO FRPSRQHQWV DUH
PRGHO

�G�Gm ~ �[� W�P Q #o �[� W��V� LM LMV �N � N m � c ��b m� ���� � ~ �[� W�  ( o �[� W��  ����LMLMGW V#W s

ZKHUH N � N DQG N DUH UDWH FRQVWDQWV� ZKLFK GHSHQG RQ� � �
DQG

WHPSHUDWXUH� DQG P DQG Q DUH FRQVWDQWV� ,Q WKH DERYH�

WKH UDWH FRQVWDQWV N � N DQG N DUH XVXDOO\ DVVXPHG WR� � � �V� �G�
~  ~ � ~ ����LM LM LMEH RI WKH $UUKHQLXV IRUP� (T� ��� UHTXLUHV WKDW WKH LQL�

WLDO UHDFWLRQ UDWH LV PD[LPXP DW WKH EHJLQQLQJ RI FXUH� ZKHUH �V� DQG �G� GHQRWH WKH VSULQJ DQG WKH GDVKSRW

+RZHYHU� LQ HSR[\ FXUH� WKLV LV QRW WKH FDVH� 7KHUHIRUH� UHVSHFWLYHO\� ~ DUH WKH VWUHVVHV IRU WKH .HOYLQ HOHPHQW�LM
�V� �G�(T� ��� ZKLFK DOORZV DQ LQGXFWLRQ SHULRG GXULQJ WKH UH� o DQG o DUH WKH DVVRFLDWHG VWUDLQV IRU WKH VSULQJLM LM

VDFWLRQ SHULRG LV IUHTXHQWO\ XWLOL]HG LQ PRGHOLQJ FXUH RI DQG WKH GDPSHU ZLWK VKHDU PRGXOXV ( DQG FRHpFLHQW
VHSR[\ UHVLQ� RI YLVFRVLW\ s �

7KHUPRVHWWLQJ UHVLQV DUH SRO\PHUL]HG E\ DSSO\LQJ

WHPSHUDWXUHV DQG SUHVVXUHV IRU VRPH OHQJWKV RI WLPH�&RQVWLWXWLYH 5HODWLRQVKLSV IRU 5HVLQV

7KH KHDW UHTXLUHG IRU SRO\PHUL]DWLRQ LQ UHVLQV FDXVHV

FKHPLFDO FKDQJHV LQ WKH PROHFXODU VWUXFWXUH� 5HVLQV
7KH FRQVWLWXWLYH UHODWLRQV IRU WKHUPRVHWWLQJ UHVLQV

KDYH FURVVOLQNHG VWUXFWXUHV ZLWK FRYDOHQW ERQGV EHWZHHQ
GXULQJ FXULQJ SURFHVV KDYH EHHQ PRGHOHG E\ PHFKDQ�

PROHFXOHV DQG FURVV OLQNLQJ UHDFWLRQV DUH GHSHQGHQW RQ
LFDO PRGHOV ZLWK WHPSHUDWXUH DQG FXUH GHSHQGHQW SDUD�

DSSOLHG WHPSHUDWXUHV� $GGLWLRQDOO\� LQWHUQDO KHDW LV
PHWHUV LQ 5HIV� ���� ,Q RXU SUHYLRXV VWXG\� WKH VSULQJ

DOVR JHQHUDWHG E\ FKHPLFDO UHDFWLRQV� 'XULQJ WKH FXUH
DQG YLVFRXV GDPSLQJ SDUDPHWHUV GHSHQG RQ WHPSHUD�

SURFHVV� WKH PDWHULDO VWUXFWXUH DFWXDOO\ XQGHUJRHV D FRQ�
WXUH DQG GHJUHH RI FXUH� ,I RQH DVVXPHV WKDW WKH UHVLQ LV

WLQXRXV SKDVH WUDQVIRUPDWLRQ IURP D OLTXLG WR D YLV�
LVRWURSLF� WKHQ WKH VWUHVV WHQVRU } FDQ EH GHFRPSRVHGLM

FRHODVWLF VROLG DQG LQFUHDVLQJ WKH QXPEHU DQG OHQJWK RI
LQWR GLODWDWLRQDO RQH �YROXPHWULF RQH� DQG GHYLDWRULF RQH

WKH SRO\PHU FKDLQV OHDGV WR RQH WUHPHQGRXV PROHFXOH�
DQG WKDW FDQ EH VWDWHG LQ WKH &DUWHVLDQ FRRUGLQDWHV�

QDPHO\� D FURVVOLQNHG RU QHWZRUN SRO\PHU� 7KH YROXPH

� VKULQNDJH RI WKHUPRVHWWLQJ UHVLQV GXULQJ FXUH DOVR RF�
}  } c p � ~ ���LM NN LM LM

� FXUV PDLQO\ GXH WR WKH FKHPLFDO UHDFWLRQ DQG WHPSHU�

DWXUH FKDQJH� 7KHUHIRUH� WKH FRQVWLWXWLYH UHODWLRQV IRU

WKHUPRVHWWLQJ UHVLQV GXULQJ FXULQJ SURFHVV FDQ EH PRG�}  } � } � } ���NN �� �� ��

HOHG E\ PHFKDQLFDO PRGHOV ZLWK WHPSHUDWXUH DQG FXUH

GHSHQGHQW SDUDPHWHUV� 7KH VSULQJ DQG YLVFRXV GDPSLQJ
ZKHUH L� M  �� �� � DQG p LV WKH .URQHFNHU GHOWD� 6LPL�LM SDUDPHWHUV GHSHQG RQ WHPSHUDWXUH DQG GHJUHH RI FXUH
ODUO\� WKH VWUDLQ WHQVRU q FDQ DOVR EH GHnQHG DVLM LQ WKH IROORZLQJ PDQQHU

�
V V V Vq  q c p � o ���LM NN LM LM (  ( �7� m�� s  s �7� m� �����

,Q WKH DERYH� WHPSHUDWXUH 7 LV D IXQFWLRQ RI WLPH W� GH�

q  q � q � q ���� JUHH RI FXUH m LV D IXQFWLRQ RI WLPH W DV ZHOO DV WHPSHUD�NN �� �� ��
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� #oLMV VWXUH� ,Q WKH IROORZLQJ VHFWLRQ� WHPSHUDWXUH DQG FXUH GH�
c H[S>b�r b r �@ GV ����S S #VSHQGHQF\ RI WKHVH PDWHULDO SDUDPHWHUV DUH GLVFXVVHG LQ

GHWDLO� %\ XVLQJ WKH JHQHUDOL]HG .HOYLQ PRGHO� WKH WRWDO =P W;GHYLDWRULF DQG GLODWDWLRQDO GHIRUPDWLRQV RI WKH SRO\PHU } �W� #qNN NNY Y YE E ( q �W� � Es � (NN� P�� SUHVLQV FDQ EH GHVFULEHG DV � #W b�S �

= W
e~ �W� ~ �V� � #�q b �q �LM LM NNY YE E�o �W�  � GV

c H[S>b�r b r �@ GV ����LM V V S S( sb #V�� P��= ZKHUHP W;
� ~ �V�LMV V� H[S>b�r b r �@ GV ����S S Vsb� SS � = =VW WE( �7� m� �SVEr �W� 7� m�  GV  GV ����S= V VW EEs �7� m� w �7� m�� �S} �W� } �V� SNN NNe�>q �W�b �q �W�@  � GVNN Y Y( sb�� P�� = =YW WE=P ( �7� m�W �; SY� } �V� ENNY Y r �W� 7� m�  GV  GV ����S� H[S>b�r b r �@ GV ���� Y YES S Es �7� m�Y w �7� m�� �Ssb S� SS �

V YE EZKHUH P LV WKH QXPEHU RI .HOYLQ HOHPHQWV� VXSHUVFULSWV DQGEGHQRWHV 0D[ZHOO ERG\ DQG w DQG w DUH WHPSHU�S S

V DQG Y GHQRWH GHYLDWRULF DQG YROXPHWULF UHVSHFWLYHO\� DWXUH DQG FXUH GHSHQGHQW UHOD[DWLRQ WLPHV�
eq LV FKHPR�WKHUPDOO\ LQGXFHG VWUDLQ LQ WKH VWUHVV�IUHH

0HFKDQLFDO PRGHOV DQG LQWHJUDO HTXDWLRQV DUH HTXLY�VWDWH ZKLFK DUH UHODWHG WR WKH WKHUPDO H[SDQVLRQ FRHp�
DOHQW� 7KH FRQVWLWXWLYH HTXDWLRQV PD\ DOVR EH ZULWWHQFLHQWV E DQG FKHPLFDO VKULQNDJH FRHpFLHQW E �7 m

DV KHUHGLWDU\ LQWHJUDOV� 7KH FRHpFLHQWV LQ WKRVH HTXD�

WLRQV UHSUHVHQW WKH PDWHULDO SURSHUWLHV DQG� WKHUHIRUH�= =7 m
e WK FKq  q � q  E �V�GV� E �V�GV ���� LQ WKLV SUHVHQW VWXG\� WKRVH FRHpFLHQWV DUH IXQFWLRQV RI7 m

e e7 m
WLPH� WHPSHUDWXUH� DQG FXUH� 7KH VWUHVV�VWUDLQ UHODWLRQV

WK FK,Q WKH DERYH� q DQG q DUH YROXPHWLF WKHUPDO VWUDLQV LQ KHUHGLWDU\ LQWHJUDO IRUP DUH
eDQG FKHPLFDO VKULQNDJH VWUDLQV UHVSHFWLYHO\� DQG 7 DQG = W

e #o �V�LMm DUH VWUHVV�IUHH UHIHUHQFH WHPSHUDWXUH DQG FXUH� 7KH ~ �W�  � *>W� V� 7� m� @ GV ����LM
#VV Y b�r DQG r IXQFWLRQV DUHS S

= W= = #VW W
e( �7� m� � } �W�  � .>W� V� 7� m@ >q �V�b �q �V�@ GV ����SV NN NNr �W� 7� m�  GV  GV ���� #V

bS �V Vs �7� m� w �7� m�� �S S

RU

== = WYW W( �7� m� � #~ �V�� LMSY o �W�  - >W� V� 7� m@ GV ����r �W� 7� m�  GV  GV ���� LM VS Y Y � #V
bs �7� m� w �7� m� �� �S S

= WV Y � #} �V�ZKHUH w DQG w DUH WHPSHUDWXUH DQG FXUH GHSHQGHQW NNeS S q �W�b �q �W�  - >W� V� 7� m@ GV ����NN Y
� #V

bUHWDUGDWLRQ WLPHV� 6LPLODUO\� WKH GHYLDWRULF DQG GL� �

ODWDWLRQDO VWUHVV�VWUDLQ UHODWLRQVKLSV IRU WKH JHQHUDOL]HG

0D[ZHOO ERG\ FDQ EH H[SUHVVHG DV
5(68/76 $1' ',6&866,21

=P W;~ �W� #oLM LMV V V ,Q WKLV VWXG\� WKH FKHPR�WKHUPR�UKHORJLFDO SURSHU�E E ( o �W� � Es � (LM� P�� S� #W
b� WLHV RI XQGHUnOO PDWHULDOV KDV EHHQ GHWHUPLQHG GXULQJS �
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LVRWKHUPDO FXUH� 7KH LPSRUWDQW HmHFWV RI FXUH RQ WKH HSR[\ V\VWHP DQG FRQYHUVLRQ DW JHODWLRQ SRLQW UHVSHF�

YLVFRVLW\ RI WKH XQGHUnOO FDQ WKHUHIRUH GHWHUPLQHG LI VXI� WLYHO\� 7KH YLVFRVLW\ DV D IXQFWLRQ RI WHPSHUDWXUH ZDV

nFLHQW DQDO\VLV LV FDUULHG RXW XVLQJ VXLWDEOH NLQHWLF PRG� GHWHUPLQHG XVLQJ UKHRPHWHU DQG WKH FXUYHnWWHG UHVXOWV

HOV WR REWDLQ WKH PD[LPXP FXUH UHDFWLRQ RI WKH XQGHU� ZHUH JLYHQ LQ 7DEOH ��

nOO� 'LmHUHQWLDO VFDQQLQJ FDORULPHWHUV DQG UKHRPHWHUV
7KH GHJUHH RI FXUH DW YDULRXV WHPSHUDWXUH FRQGLWLRQVDUH XVHG WR GHWHUPLQH KHDWV RI UHDFWLRQ DQG FRPSOH[ G\�

LV SORWWHG LQ )LJ� �� 7KH UHVXOWV VKRZV WKDW LW WDNHV DQDPLF YLVFRVLWLHV RI XQGHUnOO PDWHULDOV GXULQJ WKH FXU�
ORQJHU WLPH WR DFKLHYH IXOO FXUH DW ORZHU FXULQJ WHPSHU�LQJ SURFHVV� 7\SLFDOO\ �h����PJ RI WKH XQGHUnOO ZDV
DWXUH� 7KH H[FHOOHQW DJUHHPHQW ZDV REWDLQHG EHWZHHQZHLJKHG DFFXUDWHO\ DQG VHDOHG LQ KHUPHWLF DOXPLQLXP
WKH H[SHULPHQWDO UHVXOWV DQG WKH PRGHO� )LJ� � VKRZVWHVW SDQV DQG VHDOHG EHIRUH WHVWHG LQ WKH '6&� ,VRWKHU�
WKDW WKH FRQYHUVLRQ LV QRW LQoXHQFHG E\ WKH KHDWLQJ UDWH�p pPDO VWXGLHV ZHUH FRQGXFWHG DW ��� &� ��� & DQG ���
7KH YLVFRVLW\ YHUVXV WKH FRQYHUVLRQ LV LOOXVWUDWHG LQ )LJ�p&� 7$ LQVWUXPHQW PRGHO ���� 'LmHUHQWLDO 6FDQQLQJ
�� 7KH YLVFRVLW\ LQFUHDVHV GUDPDWLFDOO\ ZLWK LQFUHDVLQJ&DORULPHWHU �'6&� ZDV XVHG WR PRQLWRU WKH FXULQJ UDWH
WKH GHJUHH RI FXUH� $V VKRZQ LQ )LJ� �� WKH UDWH RI FXUHDQG WKH GHJUHH RI FXUH RI WKH XQGHUnOO PDWHULDOV DV D
LQFUHDVH RYHUFRPHV WKH WHPSHUDWXUH LQGXFHG VRIWHQLQJIXQFWLRQ RI WLPH� 7KH XQGHUnOO ZDV KHDWHG IURP URRP
HmHFWV VR WKDW WKH LQFUHDVH RI WKH YLVFRVLW\ LV REVHUYHG�pWHPSHUDWXUH WR ��� & DW D KHDWLQJ UDWH RI � DQG ��
$W WKH LVRWKHUPDO FRQGLWLRQ� WKH YLVFRVLW\ YHUVXV WLPH LVp&�PLQ XVLQJ '6& DQG WKH KHDW oRZ ZDV FRQYHUWHG WR
SORWWHG LQ )LJ� ��GHJUHH RI FRQYHUVLRQ� )LJXUH � VKRZV WKDW FRQYHUVLRQ DV

D IXQFWLRQ RI WHPSHUDWXUH� 7KH FXUH NLQHWLFV IRU WKH XQ�

GHUnOO PDWHUO FDQ EH H[SUHVVHG XVLQJ WKH DXWRFDWDO\WLF &21&/86,216

HPSLULFDO PRGHO DV
7KH FKHPR�UKHRORJLFDO EHKDYLRU RI WKH XQGHUnOO GXU�

Gm LQJ FXULQJ SURFHVV KDYH EHHQ FKDUDFWHUL]HG XVLQJ WKH
P Q N m c ��b m� �����

GW '6& DQG WKH UKHRPHWHU� 7KH UHVXOWV VKRZ WKDW WKH PH�

)RU WKH XQGHUnOO� WKH UHDFWLRQ RUGHU IRU UHDFWHG IXQF� FKDQLFDO SURSHUWLHV RI WKH XQGHUnOO VWURQJO\ GHSHQG RQ

WLRQDO JURXS P LV ����� h ����� DQG Q LV ����� h ������ WKH WHPSHUDWXUH DQG FXULQJ SURFHVV LWVHOI�

7KH DFWLYDWLRQ HQHUJ\ ����� h��� N-�PROH��
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5KHRPHWHU 56���� IURP +DDNH ZDV XVHG WR GHWHUPLQH �� 0� .� 6FKZLHEHUW DQG :� +� /HRQJ ������ ?8Q�
WKH YLVFRVLW\ RI WKH XQGHUnOO PDWHULDO DV D IXQFWLRQ RI GHUnOO oRZ DV 9LVFRXV )ORZ %HWZHHQ 3DUDOOHO 3ODWHV
WHPSHUDWXUH� 7KH KHDWLQJ UDWH IRU WKLV H[SHULPHQW LV 'ULYHQ E\ &DSLOODU\ $FWLRQ�� ,((( 7UDQVDFWLRQ RI

pPDLQWDLQHG DV � &�PLQ ZKHQ WKH PDWHULDO LV KHDWHG FRPSRQHQWV� 3DUW &� 9RO���� 1R �� SS���������
pIURP WKH URRP WHPSHUDWXUH WR ��� & XQGHU RVFLOODWRU\

�� 7�<� :X� <� 7VXNDGD DQG :� 7� &KHQ� �������
PRGH� 7KH IUHTXHQF\ ZDV PDLQWDLQHG DW �+] ZLWK D 0DWHULDOV DQG PHFKDQLFV LVVXHV LQ oLS FKLS RUJDQLF
VKHDU GHIRUPDWLRQ RI �WKHUPRVHWWLQJ UHVLQV GXULQJ WKH SDFNDJLQJ� (OHFWURQLFV &RPSRQHQWV DQG 7HFKQRO�
FXUH SURFHVV� ,W LV DVVXPHG WKDW WKH PRGXOXV RI WKH RJ\ &RQIHUHQFH� SS���������
XQGHUnOO LV QHJOLJLEOH EHIRUH WKH JHODWLRQ� 7KH YLVFRVLW\

�� <� &� &KLD� 6� +� /LP� .� 6� &KLDQ� 6� <L DQG
WKDW GHSHQGV RQ WHPSHUDWXUH DQG WKH GHJUHH RI FXUH FDQ

:� 7� &KHQ� ?$Q 2SWLPL]DWLRQ 6WXG\ RI 8QGHUnOO
EH GHVFULEHG DV 'LVSHQVLQJ 3URFHVV�� ,QWHUSDFN ��� -XQH �����

�� 6� <L DQG +�+� +LOWRQ �����D� ?&RQVWLWXWLYH UH�
d eb c
b& �7 b 7 � m & �& m ODWLRQV IRU WKHU�� J J � �

s�m� 7 �  $ H[S
& � �7 b 7 � m b m PRVHWWLQJ UHVLQV GXULQJ FXULQJ SURFHVVHV�� 3URFHHG�� J J

���� LQJV ��WK $,$$�$60(�$6&(�$+6�$6& 6WUXF�
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DQG 7 � m DUH JODVV WUDQVLWLRQ WHPSHUDWXUH RI XQUHDFWHG HQFH� $,$$ 3DSHU ��������J J
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